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A class of impulsive ordinary differential equations with variable structure is 
introduced. For the equations of this class it is characteristic that the changes 
of their right-hand sides and the impulses are realized at the moments when 
their solutions nullify switching functions (special functions with domains of 
definition coinciding with the phase space of the equations of the class). The 
initial value problem (with a parameter and without a parameter) for equations 
with variable structure and impulses is considered. Sufficient conditions for 
continuability and continuous dependence on the initial conditions and a para- 
meter of their solutions are found. By means of the equations of this class the 
work of a hydraulic safety valve is simulated. The results obtained are used for 
the qualitative investigation of the model. 

1. I N T R O D U C T I O N  

The theory  o f  d i f ferent ia l  equa t ions  with d i scon t inuous  r igh t -hand  side 
is c o m p a r a t i v e l y  well  deve loped .  This subjec t  has  been  dea l t  wi th  in 
n u m e r o u s  p a p e r s  and  some  m o n o g r a p h s  (Ph i l ippov ,  1985; Ne imark ,  1972). 
The  wide  use o f  var ious  switches  (relays)  in a u t o m a t i c  cont ro l  systems has  
led  to the  d e v e l o p m e n t  o f  a lmos t  all aspec ts  o f  the  qual i ta t ive  theo ry  o f  
equa t ions  wi th  d i s con t inuous  r igh t -hand  side. A n u m b e r  o f  i m p o r t a n t  ques-  
t ions on this t heo ry  are cons ide red  in A n d r o n o v  et al. (1959). 

A s t r a igh t fo rward  gene ra l i za t ion  o f  these  equa t ions  is to equa t ions  with 
var iab le  s t ructure .  The  inves t iga t ion  o f  equa t ions  with var iab le  s t ructure  
b e g a n  with  the  work  o f  Vogel  (1951, 1 9 5 3 a - d ) .  This theo ry  was fur ther  
d e v e l o p e d  in the  inves t iga t ions  of, e.g., Myshkis  and  H o h r y a k o v  (1958) and  

1Higher Institute of Chemical Technology, Sofia, Bulgaria. 
2Plovdiv University "Paissii Hilendarskii', Plovdiv, Bulgaria. 

655 
0020-7748/90/0600-0655506.00/0 O 1990 Plenum Publishing Corporation 



656 Dishliev and Bainov 

Myshkis and Parshikova (1972). Many questions on the qualitative theory 
of equations with variable structure are studied in Emel'yanov (1970). For 
these equations it is characteristic that the changes of their right-hand sides 
are realized at the moments when their trajectories meet points of a set 
previously fixed and called the "critical set." The critical set is situated in 
the phase space of the equations and its topological structure may be quite 
diverse, but in most cases this consists of hypersurfaces also called "lines 
of switching," "lines of discontinuity," etc. The set of functions from which 
the right-hand sides of the equations are chosen usually consists of two 
functions. In Dishliev and Bainov (1987) the set from which the right-hand 
side of the equations is chosen is a one-parameter family of functions. 

By means of impulsive differential equations, processes are studied 
which during their development are subject to perturbations causing abrupt 
changes of their state. The durations of the perturbations are negligible in 
comparison with the duration of the process, which is why they are assumed 
to take place "instantaneously" in the form of impulses. The mathematical 
theory of impulsive differential equations has developed comparatively 
recently. The first papers were by Mil'man and Myshkis (1960, 1963). In 
the last few years this theory has been developed intensively in relation to 
numerous applications to radio engineering, industrial robotics, bio- 
technology, etc. (Halany and Veksler, 1974; Matov, 1983; Pandit, 1980; 
Pandit and Deo, 1982; Rao and Rao, 1977; Simeonov and Bainov, 1983). 
The impulse effects for these equations take place at the moments when 
the integral curves meet points of a previously given set which we shall call 
the "impulse set." This set is situated in the extended phase space of the 
equations. Usually the impulse set consists of nonintersecting hypersurfaces. 
A particular case is that of differential equations with impulses at fixed 
moments. The mathematical theory of the latter equations is comparatively 
well studied. 

The first paper in which impulsive differential equations with variable 
structure was investigated is Bainov and Milusheva (1981). In this paper 
the "critical set" and the "impulse set" coincide and the change of the 
structure and the impulses occur at the same moments (the moments when 
the integral curves of the equations of this class meet hypersurfaces of the 
critical set). 

In the present paper a class of systems of impulsive ordinary differential 
equations with variable structure is introduced. For systems of this class it 
is characteristic that the changes of the structure (the changes of the 
right-hand sides of the systems) and the impulses occur at the moments 
when their solutions nullify special functions which we shall call switching 
functions, with domains of definition coinciding with the phase space of 
the systems of the class. 
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Before we formulate the problem which is the object of the present 
investigation, we shall consider an example from hydraulics, more precisely 
a model of  a hydraulic safety valve (Matov, 1983). The main elements of 
the valve (Figure 1) are: 

1. Intake manifold of  volume V. 
2. Conical shutoff of  the valve with angle at the apex 2a and mass Me. 
3. Spiral spring with mass Ms and constant cs. 
4. Exhaust manifold. 

Introduce the following notations: x = x(t) is the displacement of the 
shutoff of  the valve along the vertical line (Figure 1); P1 and P2 are the 
pressures, respectively, in the intake and exhaust manifolds; Q~ and Q2 are 
the incoming and outgoing flows of the fluid; D is the diameter of the bed 
of  shutoff 2 (Figure 1). Henceforth, in order to simplify the model, the 
quantities Q1 and P2 will be assumed constant. 

The shutoff of the valve is opened at the moment when the difference 
of the pressures in the intake and exhaust manifolds becomes greater than 
the force of  the initial tension of the spring Co and is closed otherwise. 

Fig. 1. Diagram of hydraulic safety valve. 
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The valve can be considered as a mechanical  system which changes in 
the course of  time. The state of  this mechanical system is determined by 
the functions x = x(t)  and P1 - -P l ( t ) ,  i.e., by the size of  the opening of  the 
valve and the pressure in the intake manifold. 

The valve has two states. 
First state. The valve is open, i.e., x ( t ) >  0. Then the displacement of  

the shutoff of  the valve is described by the fundamental  equation of  dynamics 
mY = P, where m = M c + M f f 3  and the force P is a vector sum of the initial 
tension of  the spring Co, the force of  contraction of the spring c~x, and the 
difference of  the pressures /'1 and P2- Hence, the function x satisfies the 
equation 

5i =--ml[~O42(p1-P2)-Co-CsXl , x > 0  

By the laws of hydrodynamics,  the change of the pressure is described by 
means of the differential equation 

E 
Pl ( o ,  - 

where E is the coefficient of  the working fluid and the flow Q2 going through 
the valve is given by the relation 

Q2 = ~,zrDx sin a [2(P1 - P2)/ to ] 1/2 

In the last equality ~ is the coefficient of  the flow Q2, to is the density of  
the fluid, and zcDx sin a is the approximate  area of  the opening formed 
when the shutoff of  the valve is displaced at distance x. Denote by y the 
velocity of  motion of the shutoff, i.e., y = ~, and by w denote the set of  
parameters  participating in the differential equations describing the state 
of  the valve, i.e., w = (D, Me, Ms, Co, cs, a, ~,, to). Then the normalized system 
simulating this state of  the mechanical system becomes 

~ = y  

1 
fi = - -  P(x, Pl, w) 

m (1) 

E 
P, = - ~  (Q, - Q2(x, P,, w)) 

Second state. The valve is closed, i.e., x(t)  = 0. In this case the velocity 
y and the flow Q2 are equal to zero. The state of  the mechanical system is 
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simulated by means of  the system of differential equations 

~ = 0  

~ = 0  

E P,=VQ1 
(2) 

The transition of the valve from the first state to the second takes place 
at the moments r l ,  72 , . . .  when the shutoff of  the valve takes the lowermost 
position, i.e., 

x(ri)  = 0, i = 1 , 2 , . . .  

Denote by ~p = q~(P1) the function 

q~(P,) = rrD2(p,- P 2 ) / 4 -  Co = P(x, P, ,  w)lx= o 

When the function ~ is negative, the valve is in the second state. The 
transition of  the mechanical system from the second state to the first takes 
place at the moments 01, 02 , . . .  when the function r vanishes, i.e., the 
following equalities hold: 

~o(Pl(O,))=O, i = 1 , 2  . . . .  

At the moments ri and 0i the system of differential equations describing 
the state of the valve changes its right-hand side. More precisely, at the 
moments % system (1) is replaced by system (2), and at the moments 0~, 
(2) is replaced by (1). This means that the system describing the state of 
the valve has variable structure. At the moments 0i the solution of this 
system is continuous, i.e., at the moments 0~ the system is not subject to an 
impulse effect. By the transition from the first state to the second the shutoff 
of the valve takes the lowermost position and its velocity vanishes, indepen- 
dent of its magnitude. Hence, at the moments ri the system of differential 
equations simulating the action of the valve is subject to an impulse effect. 
Mathematically, this is expressed by 

Ay( t ) l ,=~=y(r i+O)-y(r , )=-y(r~) ,  i = 1 , 2 , . . .  (3) 

The solution of the simulating system is a piecewise continuous function 
with points of  discontinuity of  the first kind, namely the points r l ,  r2, �9 �9 �9 
at which the impulses are realized. 

Systems similar to the one considered are also obtained by the mathe- 
matical simulation of many processes in robotics, impulse technology, 
biotechnology, etc. 
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One of  the goals of  the present paper  is to introduce a sufficiently 
general mathematical  model comprising both systems describing the work 
of  the safety valve and similar mathematical  models. For these systems 
further fundamental ,  qualitative, and asymptotic theories should be devel- 
oped and all investigations traditional for ordinary differential equations 
should be carried out. In this paper  the respective initial value problem is 
considered and sufficient conditions for a continuous dependence of its 
solution on the initial conditions and a parameter  are found. 

2. STATEMENT OF T H E  P R O B L E M  

We call a system of ordinary differential equations with variable struc- 
ture and impulses (SODEVSI) the following set of objects and relations 
among them: 

1. The set of  functions ai :  D-~ R, i = 1, 2 , . . . ,  where D is a domain 
in R". These functions we shall call switching functions. 

2. Systems of differential equations with a parameter  

Ox/Ot =f( t ,  x, ~), i= 1, 2 , . . .  

where 

f : R+ • D x  M-> R', R+=[O, +co), M =[ixl, lZ2], ixl, ix2e R 

3. Equalities 

Ax(t,~)l,=,,=x(r,+O, ix)-x(r i ,  ix)=Ii(x(r,,ix),ix), i = 1 , 2 , . . .  

where Ii : D x M + R" and r l ,  z2, �9 �9 �9 are the moments  when the changes of  
the structure and the impulses occur. By means of the above equalities, the 
magnitudes and the directions of  the impulse perturbations are determined. 

We shall describe the way in which the solution x(t, ix) of a SODEVSI 
with initial condition 

X( ~o, ix)=Xo(ix) 

is found, where roe R + and x o : M o D .  For ro <- t<r l  the solution of  the 
SODEVSI coincides with the solution xl(t, ix) of the problem 

Ox/Ot =f l ( t ,  x, ix), xl(ro,/.L) = Xo(ix) 

Here rl is a constant or co and is defined by means of the equality 

co if al(xl(t, tz))#O, t>ro 
rl= inf{t; t>ro, a~(x~(t,~))=O} otherwise 



Impulsive Differential Equations 661 

I f  'r 1 < 130, we assume that  at the momen t  z~ the solut ion o f  the SODEVSI  
is equal to x~(rl,  tz). At this momen t  it is subject to an impulse effect which 
is expressed by means  o f  the equali ty 

X('i" 1 "[" 0,  /.L) : Xl(~', , Jr/,)"[- I~(x~('r~, Ix)) 

I f  rl = oo, then a change o f  the structure and impulse effect do not  occur.  
Let rl < oo. Then for 0-1 ~ t < r2 the solution o f  the SODEVSI  coincides with 
the solution x2(t, Ix) of  the problem 

Ox/Ot =f2(t ,  x, tz), x 2 ( r , ,  1.~) = XI('TI , /[L)~- I1(x1("/ '1, /..6), /L~) 

The fol lowing holds:  

00 if  a2(x2(t, tz)) ~ 0, t > r l  

z2 = inf{t; t > r~, o~2(x2(t, tz)) = 0} otherwise 

I f  ~'2 < 0% we assume that  x(r Ix) = Xz(Z2, Ix). After an impulse the solut ion 
o f  the SODEVSI  takes the value 

x(~-~+o, ~,) = x~(r~, ~,)+ h(x~(r:, ~), ~) 

I f  z2 = oe, then changes o f  the structure and impulses do not  occur  for t > T 1 . 
I f  r2 < cO, then for  ~r2 < t < ~'3 the solution is determined by the p rob lem 

Ox/c3t =f3(/ ,  x , /z) ,  x3(r2, i ~) = x2('r2, t z )+ I2(x2('r2;/z), ~ )  

etc. The solut ion o f  the S O D E V S I  is a piecewise cont inuous  funct ion with 
points  o f  discontinui ty r l ,  ~2 , . . .  at which it has a discontinuity o f  the first 
kind. The solution is cont inuous  f rom the left at the impulse moments .  

We shall denote  briefly the initial value problem considered for  
SODEVSI  as follows: 

O x / O t = f ( t , x ,  tx), 7ri_l<t<--'r~ 

Ax(t , /z)l ,=,,  = I~(x(% Iz), Iz), i = 1, 2 , . . .  

x(~-o, ~)  = Xo(~,) 

(4) 

(5) 

(6) 

3. A U X I L I A R Y  R E S U L T S  

In t roduce  the fol lowing notat ions:  by  ( . ,  .) denote  the scalar p roduc t  
in R" ;  by I1" [I the Eucl idean no rm in R" ;  by p(A,  B) the distance between 
the n o n e m p t y  sets A, B c R"  induced  by the Eucl idean norm,  i.e., p(A,  B) = 
i n f { l [ a - b t ] ; a ~ A , b ~ B } ; b y x ( t ;  * �9 �9 ro ,  Xo, /z  ) denote  the solut ion o f  system 
(4), (5) with initial condi t ion  x(~-*,/z*) = Xo*; xi = x(r i ;  Zo, Xo(tZ),/z); x [  = 
X i -I- I i ( x i ,  lt/~); A~ = {x; ai(x)  = O, x ~ D}, i = 1, 2 , . . . .  
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L e m m a  I. Let the function ~ : [r0, T] --> R, to, T~  R, satisfy the follow- 
ing conditions: 

1. ~o(r~) = ~0(~'2), where ro<-r l<r2  < - T. 
2. The function &o/d t  is Lipschitz continuous in [to, T] with constant 

L > 0 .  

Then ~2- Zl > [ d ~ ( z ) / d t l / L  for ~'1 -< z_-. r2. 

Proof  From Condition 1 it follows that there exists a point r ' ,  ~'1 < r '  < 
z2, such that d~o(r ') /dt  =0.  But then 

[d~~ r ) l  dtl = Id~( z ) l  dt - dq~( ~")l dtl --- L i z -  < L(~'2- z,) 

Thus, Lemma 1 is proved. �9 

Let the following conditions denoted by (A) be fulfilled for any 
i = 1 , 2 , . . . .  

A1. The functions f~ are Lipschitz continuous in R § x D with constant 
F > 0 independent of/.t. 

A2. There exist constants M i > 0  such that IIf,( t, x, )ll <_ M, for 
( t , x ,  tx )~  R + x  D x  M. 

A3. For any point (z*,  x*,  /z*) e R + x D x M  the solution of the 
problem 

clx/clt =f,(t, x, ~*), x(~*) = x* 

does not leave the set D for t-> r*.  
A4. The functions acq/ax = ( a c q / a x l , . . . ,  acq /ax , )  are Lipschitz con- 

tinuous in D respectively with constants L~ >-0, x = ( x l , . . . ,  x , ) .  
A5. Iloa,(x)/oxll  <- g , ,  x c D, g~ >>-0. 
A6. There exist constants p~->0 for which one of the following two 

conditions hold: 
A6.1. (i) ( I+I~):  A~ x M - * D ,  where I is the identity in R " x  M, and 

(ii) ] Oli( X "b I i_  l ( X , ~))1 ~ Pi,  ( X, l ~ ) e A i _  1 x M,  where Io( x ) = O, Ao = D. 
A6.2. (i) ( I +  I~-l): Ai-1 x M ~  A~, and (ii) there exists a point % r~_~ < 

z-< % such that 

I(0~,(x(~; ~o, Xo(~), ~))/ox, 
f~(~-, x(~'; ~'o, xo(/z), /z), /z))] -> p ,  t x E M  

A7. The series Z~ p~/[M~L~ + K y ( 1  + M~)] is divergent. 

We shall show that if conditions (A) hold, then the impulse moments 
~'~, z2 , . . ,  have no density point. More precisely, the following theorem is 
valid. 

Theorem I. Let conditions (A) hold. Then: 

(i) The solution of  problem (4)-(6) exists and is unique in the interval 
Ezo, ~) ,  Zo->O. 
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(ii) Each  finite interval  [7.0, T] contains  a finite n u m b e r  of  impulse  
m o m e n t s  7." 1 ~ 7" 2~ . . . .  

Proof  Set x(  t) = x(  t; 7.0, xo(ix ), IX). From condi t ions  A1, A3, and  A6.1i 
(A6.2i) it fol lows that  the solut ion of  p rob l em (4)-(6)  exists and  is unique  
in each o f  the intervals [7.0, 7.1], (7.1, 7.2], (z2, 7.3] . . . . .  I f  x ( t )  nullifies a finite 
n u m b e r  o f  the switching funct ions  a,-, then  the solut ion o f  p r o b l e m  (4)-(6)  
is def ined for  all t > - 7.0 and  in the interval  [7.0, T]  it has a finite n u m b e r  of  
impulse  moments .  

Let x ( t )  nullify each  o f  the funct ions ai. We shall evaluate  the difference 
7., - 7.,-1, i = 1, 2 , . . . ,  if  condi t ion  A6.1 holds.  We have  

p, <-Ia,(xT-1)l 

= I ~ , ( x , )  - + ~,(x,_,)l 
= [OOli(X(7.)) /OXl" Xi(7.0) - } - ' ' "  + OOli(X(7.)) /OXn Xtn(7.)l(7.i -- 7 . i - 1 )  

= I(Oai(x(r))/Ox, f(7.,  x(7.), IX))[(r , -  7.i-,), 7.i-1 < 7. < 7.i (7) 

F rom inequal i ty  (7) and  condi t ions  A2 and A5 we obta in  the es t imate  

7., - r,_, >- p J  K,M,,  i = 1, 2 , . . .  (8) 

We shall evaluate  the difference 7.~ - 7.,-1, i = 1, 2 , . . . ,  if  condi t ion  A6.2 
holds.  Tak ing  into account  xi_l ~ Ai-1 and condi t ion A6.2i, we obta in  that  
x+_l = xi-I + L- l (x i -1 ,  IX) ~ Ai, i.e., ai (x  +_l) = 0. Cons ider  the funct ion 

~ a i ( X + _ l ) ,  t = 7"i_ 1 

q ~ ( t ) = [ a i ( x ( t ) )  , 7.i_1<t<_7.1 

the fol lowing equalit ies hold:  

q~(7., 1) = •(7.,) = 0 (9) 

We shall show that  the funct ion 

d~p( t ) /  dt : (Oai(x( t) ) /ox,  f (  t, x( t ) ,  IX)) 

is Lipschitz cont inuous  for  7.;-1 < t <- 7.~. In fact,  let the points  tl ,  t2 E ( 7 " i _ 1 , 7 . i ] -  

Then  

Idq~( q ) /  dt - dq~( t2)/ dt[ 

<-I(Oa,(X(tl))/Ox, f ( q ,  x( t l )  , IX)) 

- (Oa~(x(  t2) )/Ox, f (  q ,  x(  q) ,  IX))] 

+ l(Oai(x( t2) ) /  ox, f (  tl, x ( q ) ,  IX)) 

-- (Oo~i(X( t2) ) /c~x, f (  t2, x(t2), IX))I 

<- M, L l l x ( t l ) - X ( t z ) l l  + K i F ( l t l -  t21 + I l x ( t 0 -  x(t2)ll) 

= (M,L,M, + K,F(1 + M , ) ) l t  , - t21 (10) 
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In view of  (9), (10), and Lemma 1 we obtain the estimate 

Idr "c)/ d'cl 
"cl-'ci-l Z M2i Li + KiF(  l + Mi ) , "ci-l ~ "c -< "ci 

From the last inequality and condition A6.2ii we find that 

"ci - "ci- 1 >= Pi = ui ( 11 ) 
M ~ L i  + KiF(1 + Mi)  

The following inequalities hold: 

Iu i ,  F >  1 Pi > -- (12) 
K i M ~ - I F u i ,  0 < F < I ,  i = 1 , 2 , . . .  

Let 0 < F < 1 (the case F -  1 is considered analogously). By condition A7, 
co 

the series ~1 Fu~ is divergent. Hence, there exists a number k such that 

F ( u o + u l  +" " ""}-Uk)> T - t o  (13) 

From ine qualities (8) and ( 11 )- (13) we obtain that 

( 'c l  - "co) + ( 'c :  - rl) +" "" + ('ck+l --  Zk) > T - -  "Co ( 1 4 )  

i.e., "Ck+l > T, which means that for "Co< t <  T a finite number of impulses 
is realized. 

Similarly to inequality (14), it can be shown that for an arbitrary interval 
["Co, "C] there exists a number k = k("C) such that 

k 

["Co, '7] ~ ["Co, "C,] u ( U  ("Ci, "Ci+,]) 
I 

Since the solution x ( t )  is defined in each of the intervals ("Ci-~, "Ci], i =  
1, 2 , . . . ,  it follows that x ( t )  is defined in the interval ["Co, "C], which implies 
that the solution of problem (4)-(6) exists and is unique for "Co -< t < +co. 

This completes the proof  of Theorem 1. �9 

Introduce the notation x * ( t ) = x ( t ;  ro,Xo(/X*),tz*), i.e., x*( t )  is the 
solution of  the problem 

a x / a t = f ( t , x ,  lx*), "C*_l < t - <  "c f , ~o* = "co ( 1 5 )  

a x ( t ,  ~z*)l,=**, = L(x("C*, tz*), tz*), i = 1, 2 , . . .  (16) 

x("Co,/x*) = Xo(/X*) (17) 

where the parameter Iz* ~ M and the moments "C*, "C*,... are determined 
analogously to "C~, "C2,... �9 

Denote by (B) the following condition: 

B. The function Xo is continuous in M. 



Impulsive Differential Equations 665 

Lemma 2. Let conditions (A) and (B) hold and for To-<t<- T the 
solution of problem (4)-(6) does not nullify the function a l .  

Then, if tx*~ M and the number  ] tx*- iz  I is small enough, then the 
solution of problem (4)-(6) also does not nullify the function ~1 for 
~'o<- t <- T. 

Proof. Consider the sets 

and 

A, = {x; oq(x) = O, x e D} 

B = { x ; x = x ( t ) ,  ~o<- t<_ T} 

C = {x; x = x*(t) ,  To < - t <- T} 

The sets A1 and B are closed, B is bounded,  and A1 c~ B = ~ .  Hence, 

p(A1, B) = "r/> 0 (18) 

In view of  condition (B) and the theorem of the continuous dependence 
of  the solution of a system of differential equations (without variable 
structure and impulses) on the initial condition and a parameter  (henceforth, 
for the sake of brevity, this theorem will be called the theorem of the 
continuous dependence),  it follows that for a sufficiently small value of 
I # * - / z l , / z * E  M, the following inequality holds: 

IIx(t)-x*(t)ll<n, ~'o<-t<-T 
i.e., 

g(B, C) < ~7 (19) 

From (18) and (19) we obtain the estimate 

p ( A , ,  C)>-p(A1,  B ) - p ( B ,  C)>O 

which means that A1 c~ C = Q. Hence, the solution x*(t)  for To--- t <- T does 
not nullify the function a l .  

Thus, Lemma 2 is proved. �9 

We shall say that condition (C) is satisfied if the following condition 
holds. 

C. There exist positive constants r such that for any z' ~ (~'i - 6i, ~5), 
~'"c (% z~+ ~) ,  and IX c M the following inequalities hold: 

a,(x,(z', ~))(0~,(x,(~", ~))/ox, 

f (C', x/(#' ,  /x), /~)) < 0, i = 1 , 2  . . . .  

where by xi (t,/~) we have denoted respectively the solutions of  the problems 

3X/Ot=fii(t,X,l~), Xi(Ti-l,/~L): Xi-l('l'i_l,],.L)-~ Ii_l(Xi_l(Ti_l,~L),[.L) 
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Lemma 3. Let conditions (A)-(C) hold. For Zo< t < T let the solution 
of problem (4)-(6) nullify the function a l .  

Then, if/X* 6 M and the number I/x* - /x[  is small enough, the solution 
of  problem (15)-(17) also nullifies the function at  for r0< t <  T. 

Proof Without loss of generality we can assume that the constant 8, 
[from condition (C)] satisfies the inequality 6 , < 2 1 - Z o .  The function 
a~(xl(t,/X)) does not change its sign for Zo< t <  r,;  thus, assume that, for 
the sake of definiteness, the following inequality holds: 

a~(x~(z',/X)) > 0, "rl-6~<~"<'r~, / X ~ M  (20) 

[the case al(xa('r',/X)) < 0 is considered analogously]. Then 

~,(x~(~l , /x))  = 0 (21) 

(OOel(X,('r",/x))/Ox, fl('r",xl('r",/x),/x))<O , Tl< 7't< r l +  31 (22) 

Assume that for r~ < t < 21+ 31 the inequality 0 -  < al(xl(t,/X)) holds. 
From (21) it follows that 

0<~ O/l(Xl(/, / s  0~1(X1('~1, /.L)) 

= (Oaa(x,(z'",/x))/Ox, f,('r", x,(~-"' , /X),/z))(t- T1) 

7" 1 ~ T r ~ t ~ "I" 1 "~ 31 

The last inequality contradicts (22). Hence, there exists a point z i~, 
Tl < z ;v < T, such that 

Olm(Xl("l "iu, j[Z)) < 0 (23) 

Suppose that for each/X* ~ M the s olutio n x* (t) of problem ( 15)- (17) does 
not nullify the function al  for to--- t. Then, in view of (20), (23), and the 
theorem of  continuous dependence, we establish that for a sufficiently small 
value of  I/x*-/Xl,/X*E M, the following inequalities hold: 

O~l(X*('T')) > 0 , O l l ( X : ~ ( ~ i v ) ) < O  

From the last inequalities and the fact that the function ~p(t) = a,(x*(t))  is 
continuous for t > ~'o we conclude that there exists a point z v, r ~ < r v < r i~, 
such that 

~, (x*(z~  = 0  

which contradicts the assumption. 
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This completes the proof  of  Lemma 3. �9 

4. MAIN RESULTS 

Definition 1. We shall say that the solution of problem (4)-(6) depends 
continuously on the parameter/X ~ M if 

(Ve, r />  0)(=:16: 8(e, r/) > O)(V/x* E M, I/x*-/xl < a)(VTo ~ R + ) ~  

IIx(t; 70, Xo(/x),/x) -x(t; r0, Xo(/x*),/x*)ll < 

t>-ro, It-7,[> n, i = 1 , 2 , . . .  

Denote by (D) the following condition. 

D. The functions L, i -- 1, 2 , . . . ,  are continuous in D x M. 

Theorem Z Let conditions (A)- (D)  hold. Let ro < 71 < T < r2. Then the 
solution of  problem (4)-(6) depends continuously on the parameter/X c M 
for Zo -< t_< T. 

Proof Let e and ~7 be arbitrary positive constants. Without loss of  
generality we assume that ~? < m i n ( r l - 7 o ,  T - r 1 ) .  For 7o -< t-<71-~? the 
solution x(t) does not nullify the function a l .  Then by Lemma 2 there 
exists a constant 6'>0 such that if / x * e M  and I /X*-/XI<6 ' ,  then the 
solution x*(t) also does not nullify the function a l  for 70-< t-< 71 - ~/. For 
70-< t-< r~ + ~7 the solution x(t) nullifies the function a l .  From Lemma 3 it 
follows that there exists 6 ">  0 such that if/X* e M and I/X* -/X[ < 6", then 
the solution x*(t) also nullifies the function al  for To< t < 71 + ~7. Hence, 
if  [/X*-/X[ < min(6' ,  6"), then [ 7 " - r l [  < ~?. The last inequality also implies 
that 

lim 7" = 71 (24) 

We shall evaluate Ilx*( r*) -  x( 7011. Assume that r l -<z* .  The case 
7~ > r* is considered analogously. From the theorem of continuous depen- 
dence it follows that there exists a constant 6 " >  0 such that if/X* ~ M and 
I/x*-/X[ < ~"', then 

Ilx*(t)-x(t)ll<e, 7o-<t-<71 

Since 

I 
l 

x*(t)=x*(71)+ f,(7, x*(7),/x)d7, ~1-<t-<7" 
"r I 

then in view of condition A2 we obtain the estimate 

IIx*(7~*) - x*(71)11-< M1(71 ~ - -  71) < Mln 

(25) 
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From the last inequality and (25) for [IX*-IX[ < min(6', 6", 8'") we deduce 
the estimate 

IIx*(~*) - 1(,1)II -< IIx*(~*) - x$(T1)[I + II x* (~ l )  - X(TI)II < Ml r /+  e 

The last estimate enables us to write 

lim x*(.c*) = X(~l) 
,a*~p~(tx*c M ) 

whence, in view of  condition (D), we conclude that there exists 8 iv > 0 such 
that if IX* �9 M and [IX* -IXl < 8 i~, then 

II I,(x*(ix*), Ix*)- II(x(IX), Ix)ll < 
Then 

IIxT - x* (  r*)  - I i ( x * (  , * ) ,  Ix*)nl < 2e + M1"11 

which also implies that 

lim [x*(~'*) + I i (x*(r*) ,  Ix*)] = x [  (26) 
r M )  

Consider the sets A = { x ; x = x ( t ;  r l , x [ , i x ) ,  r~<- t<_ T} and A I =  
{x; ~l(x) = 0, x �9 D}. They are closed and A is bounded. Then 

p(A,  A1) = [3 > 0 
+ 

Consider also the functions x ( t ; r l , X l  ,1~) and x(t;  r * , x * ( r l ) +  
/-l(X(7"l*), IX*), IX*). Respectively for t > ~'1 and t > ~-* they coincide with the 
solutions x ( t )  of problem (4)-(6) and x*( t )  of  problem (15)-(17). From 
relations (24), (26), and the theorem of  continuous dependence it follows 
that there exists 8v > 0 such that if Ix* �9 M and IIx*-ixl < ~~ then 

IIx(t ,  r , ,  x T ,  ~ ) - x (  t; r*,  x*( ~'*) + Ii(x( 'r*),  Ix*), Ix*)ll 

< rain(e, [3), T * < t - < T  

The last inequality also implies that for ~-* < t -< T the solution x*( t )  does 
not nullify the function tee and the following inequality holds: 

I l x * ( t ) - x ( t ) l l < e ,  r * < t - < T  (27) 

The assertion of the theorem follows from (25), (27), and the estimate 

I , * - , d < ~ .  
This completes the proof  of Theorem 2. �9 

Theorem 3. Let conditions (A)-(D) hold. Then the solution of problem 
(4)-(6) depends continuously on the parameter Ix �9 M for %-< t-< T. 

Proof. From Theorem 1 it follows that in the interval [~'o, T] a finite 
number of impulse moments are contained, i.e., there exists a number k 
such that "1" k -< T <  q'k+l o 
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I f  k = 0, i.e., if the inequality rl > T holds, then Theorem 3 follows 
from Lemma 2 and the theorem of continuous dependence. 

Let k> - l .  Introduce the notations t o = % ,  ti=(~'i+~-i+~)/2, i = 1 ,  
2 , . . . ,  k - 1 ,  tk = T. From Theorem 2 we obtain that the solution x(t) of 
problem (4)-(6) depends continuously on the parameter  Iz for to < - t - f t .  
Since 

iim x*( q) = x( q) 
tx*~ p.(u.*~ M) 

again by Theorem 2 we obtain that the solution x(t) depends continuously 
on the pa ramete r /x  for tl <- t <- t2. The proof  of  the theorem is completed 
by induction with respect to the number  of  the intervals [ti_l, t;], i = 1, 
2 , . . . , k .  

Thus, Theorem 3 is proved. �9 

Corollary 1. Let conditions (A), (B), and (D) hold. 
Then the solution of  problem (4), (5) with initial condition X(ro, ~ ) =  

Xo, where xo~ D, depends continuously on the parameter  /z c M for 
~'o<- t<- T. 

Remark 1. The results obtained up to now still hold if the parameter  
/x ~ R  m, i.e., p~=( /z l , . . . , / - t in) .  In this case the proofs of  the assertions 
considered are carried out separately for each of  the components  of  the 
parameter.  

Consider the following initial value problem (without a parameter):  

dy/dt = g,(t, y), 0~_, < t<- Oi (28) 

Ay(t)l,=o, = J,(y(O,)), i = 1, 2 , . . .  (29) 

y(0o) = Yo (30) 

where g i : R + x D ~ R  ", J i : D ~ R  n, 0 o - 0 ,  and yo~D. The moments 
01 ,02 , . . .  are determined analogously to r l ,  ~ '2 , . . . .  Henceforth,  by 
y(t; 0"o, y*) we shall denote the solution of  problem (28), (29) with initial 
condition 

y(O*)=y*, 0">--0 ,  y * ~ D  

Definition 2. We shall say that the solution of problem (28)-(30) 
depends continuously on the initial condition for 0o <- t <- T if 

(Ve, r / >  0) (36 = 6(e, "r/) > 0)(Vyo* c D, fly* -yoll < a)(VOo-> o ) ~  

Ity(t;Oo,y*)-y(t;Oo, yo)ll<e, t>--Oo, I t-Oil>n, i = 1 , 2 , . . .  

Corollary 2. For any i = 1, 2, . . .  let the following conditions hold: 

1. The functions gi are Lipschitz continuous in R § • D with constant F. 
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2. There exist constants Mi > 0 such that Ilgi( t, y)I[ <- Mi, ( t, y)  ~ R § • D. 
3. For any point (0" ,  y*) ~ R § • D the solution of the problem 

d y / d t = g ~ ( t , y ) ,  y(O*o)=y * 

does not leave the set D. 
4. There exist constants Pi > 0 for which one of the following two 

conditions is fulfilled: 
4.1. (i) ( I + J i ) :  A~->D; ( i i ) la~(y+J~_l(y))[>-p~,y~A~_l,Jo(y)=O. 
4.2. (i) ( I+J~- l ) :  A~-I->A~; (ii) there exists at least one point 0, 

0~_1 < 0 < 0i, such that 

I(aa,(y(0; 0o, yo))/Oy, gi(O, y(0,; 0o, Y0)))l- P, 

5. Conditions A4, A5, and A7 hold. 
6. There exist positive constants 8~ such that for any two points 0', 0", 

Oi - ~ < O' < 0~ and 0~ < 0"< 0~ + 8~, the following inequality holds: 

a~(yi( O') )(Oa,(y,( O") ) / Oy, gi( O", y~( O") ) ) < 0 

where by y~(t) we have denoted respectively the solutions of the problems 

dy /d t  = gi(t, y),  y,(O,_,) : Yi_l(Oi_,)+J,-l(y,-,(Oi-~)) 

7. The functions J~ are continuous in D. 

Then the solution of problem (28)-(30) depends continuously on the 
initial condition for 0 o -  t -< T, 0o - 0. 

Proof By the substitution z = y  -Y0, problem (28)-(30) is transformed 
into the problem 

Oz/Ot = g,(t, Z+yo), Oi_ 1 < t -< O, (31) 

Az(t)l,=o~=Ji(z(Oi)+yo) , i = 1 , 2 , . . .  (32) 

Z(0o) = 0 (33) 

The last problem satisfies the conditions of Theorem 3 with a parameter 
/z = Yo, whence, in view of  Remark 1, we obtain that the solution of problem 
(31)-(33) depends continuously on the parameter Y0 for 0o <- t-< T. Hence, 
the solution y( t ;  0o, Yo) depends continuously on the initial condition for 
0o -< t--  < T. 

Thus, Corollary 2 is proved. [] 

5. APPLICATION 

We shall consider the system of differential equations simulating the 
action of a hydraulic valve (Figure 1). Assume that at the initial moment 
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(%=0)  the valve is in state 2, i.e., the simulating system has the initial 
condi t ion  

(x, y, P,) l , -o  -- (0, O, P,o) 

where  ~(P,o)  < O. Hence,  

r - P2)/4 - Co < 0 

Accord ing  to (1) and  (2), the system has the fo rm 

: / = 0  (34) 

3) = 0  (35) 

[9 = EQ1/ V (36) 

for  r2i-2 < t -  r2i-1 and  

= y  (37) 

)) = [ ' n ' D 2 ( p 1  - P2)/4 - Co - csx]/m (38) 

P1 = E{Q~ - vcrDx sin ~ [2(P~ - P2)/to]l/2}/ V (39) 

for  r2~-1 < t <- r2j, i.e., the fol lowing equalit ies hold: 

f2i_l(t, X, y, P,)  = (0, 0, E Q ~ / V )  

A , ( t , x , y ,  P1) 
(40) 

= (y, [ r  P 2 ) / 4 -  Co- csx]/m; 

E { Q 1 -  vrrDx sin a [ 2 ( P 1 -  P 2 ) / w ] u 2 } / V )  

The impulse  per tu rba t ions  are given by means  of  the equalit ies 

A(x , y ,  P1)[, ,2,_1 = 0, A ( x , y , P , ) l , = 2 , = - y ( r , ) ,  i = 1 , 2 , . . .  

The  funct ions  by means  of  which the impulse  momen t s  r~, r 2 , . . ,  are 
de te rmined  have the fo rm 

a2i-- 1 = " B ' D 2 ( p 1  - P 2 ) / 4 -  Co, a2~ = x, i = 1, 2 , . . .  

Fur ther  we assume that:  

(i) The  definit ion doma ins  o f  the funct ions  (40) are bounded ,  i.e., 
0 = x ,  -< x <- x*, y ,  -< y -< y*, P2-< P ,  -< P~ --- P* ,  where  x*, y , ,  y*,  P , ,  and  
P*  are real constants .  

(ii) The  funct ion Q1 = Ql( t )  is constant .  
(iii) Each  o f  the pa rame te r s  is bounded .  
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We shall show that the simulating system with variable structure and 
impulses satisfies conditions (A)-(D).  Indeed, since the right-hand sides of  
equations (34)-(38) do not depend on t and are linear with respect to the 
variables x, y, and P~, then it follows that they are Lipschitz continuous in 
their definition domain with constants independent  of  the parameters.  We 
shall show that the right-hand side of  (39) is also Lipschitz continuous. Let 
(x', P~) and (x", P~') be two points of  the definition domain of this function. 
Then 

] E { Q ~ -  v ~ D x "  sin a [2(P~' -P2)/w]l/2}/V 
- E{Q~ - vzrDx'  sin a [2(P~ - P2)/w]l /2} /VI  

<- g ( l x " -  x'l( P~ - P2)'/2 + x'l( P~' - P2) ' / 2 -  ( P ~ -  p2)1/21) 

-< K ( t "*  - P 2 ) ' / 2 1 x " -  x ' l  + [ K x * / 2 ( P ,  - 1"2)' /ql  P; '  - P ; I  

where K = EvrrD sin a (2 /w)1/2/V.  Conditions A2-A5 are also satisfied by 
the system considered. We shall verify condition A6. Taking into account 

I2i_ 1 = 0 ,  I2i = --y, i = 1, 2 , . . .  

we immediately see the validity of  condition A6.1i. Condition A6.2i holds 
for even indices. Indeed, from the analytical expressions for the functions 
a2i-1 and o~2i, we establish that 

A z i _ l = { ( x , y ,  P 1 ) ; O < ~ x < - x * , y , < - y < - y * , P l = ~ r  K=4Co/TrD2+p2 

A2i = {(0, y, P~); y , < - y < - y * ,  P,<- P1 <- P*} 

From the fact that the functions a2~-1 vanish when the valve is in a closed 
state, it follows that x = 0 and y = 0, i.e., we can assume that 

&,_~ ={(0, 0, K)} 

Then we obtain 

I + I 2 i _ 1 = I :  A2i_l"-~ A2i_l c A2i 

which we wanted to show. The existence of nonnegative constants p~ satisfy- 
ing conditions A6.1ii and A6.2ii is obvious. Thus, for instance, for even 
indices, condition A6.2ii is satisfied for the following choice of  the constants 
P2i. For this purpose we first note that 

Oa2JO(x, y, P,) = (1, 0, 0), i = 1, 2 , . . .  

whence we obtain 

(c~2i/O(x,y, P l ) , f 2 i ) = y ( t ) ,  r2,-, <t<-- r2i 

Hence, in this case we can set 

P2,-- max lY(t)l 
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Taking into account that the right-hand side of the system of the 
mathematical model changes alternately, we establish that the series of 
condition A7 and the series p l + p 2 + " "  are both convergent or both 
divergent. 

Conditions (B) and (D) are verified trivially. Condition (C) is also 
satisfied. In fact, since 

Oa2i-,/O(X, Y, P1) = (0, O, rrD2/4) 

we obtain 

Ol2i--l(X2i I(Tt),Y2' l(r '), Pl(2i-1)('r')) 

X (OOl2i_l(X2i_l(Ttt), Y2i_l('l'"), Pl(2i_l)('r"))/O(x, y, P,)  

f2i--l(T", X2i-l(Ttt), y2,- ,(r"),  P~(2i-l~(r"), w)) 

= [zrD2(pl(2i_a>(r ') - P2)/4 - eo]zrD2EQ/4V 

where (Xzi-l, Y2i-~, P~(2~-1)) are solutions of the system (34)-(36) with initial 
condition 

(x2i_,(t) ,ye,  1(/), P1(2i ,2 ,  2=(0, o, Pl<2~-z)(r2~ 2)) 

The points r ' e  ( r :~- i -  62i-,, r2i-1) and r "e  (r2~-l, r2~-1+ 62~-1), where the 
constants 62~_, are small enough. For ~2~-, < z2i-1 - r2~-2 the inequality 

~ D 2 ( p , ( r ' ) - P 2 ) / 4 - C o  <0,  "g2i 2<"gt<r2i  l 

holds, which implies that the inequality in condition (C) is satisfied for odd 
indices. For even indices we have 

0/2/(X2i('/"), Y2i('g'), Pl(2i)('r')) 

x (Ooe2i(x2i(7""), y2/('r"), Pl(2i)(7"))/O(x, y, P~) 

f2i(r", x2i('fl), Y2i(r"), Pl(2i)('/'"), w)) 

= x2,(r ' )"  y2,(r") (41) 

where (x2~,y2~, Pl(2i)) are solutions of the system (37)-(39) with initial 
condition 

(x2i(t),  Y2i(t), e,<=,>(t))l,=~,_~ = (0, 0, K) 

In equality (41) the points r '~  ( r2i-  ai/, ~'2i) and r"e  (r2j, r2i+ a2~), where 
the constants 62i are small enough. The following inequalities hold: 

x2i( r') > O , r2i_l < r' < 7"2i 

Y2i('r2i + O) < 0 
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T h e  las t  i n e q u a l i t y  i m p l i e s  t ha t  i f  the  c o n s t a n t  ~2i is sma l l  e n o u g h ,  t h e n  

y2;( r")  < 0 fo r  ~'2i < r"  < ~'2i + 32i. But  t h e n  

x2,(r')yz~(r")<O, ~'2~- 62, < r ' <  r2~, 72i<7"<'r2i+t~2i 

w h e n c e  by  m e a n s  o f  (41) we  c o n c l u d e  tha t  c o n d i t i o n  (C)  h o l d s  in this  case ,  

too .  

H e n c e ,  i f  t he  ser ies  Pl + p2 + "  " " is d i v e r g e n t ,  t h e n  the  s o l u t i o n  o f  t he  
p r o b l e m  o f  E x a m p l e  1 d e p e n d s  c o n t i n u o u s l y  on  the  in i t ia l  c o n d i t i o n  a n d  

the  p a r a m e t e r s .  

R E F E R E N C E S  

Andronov, A. A., Vitt, A. A., and Haikin, S. Z. (1959). Oscillation Theory, Fizmatgiz, Moscow 
(in Russian). 

Bainov, D. D., and Milusheva, S. D. (1981). Investigation of partially-multiplicative averaging 
for a class of functional differential equations with variable structure and impulses, 
Tsukuba Journal of Mathematics, 9(1), 1-19. 

Dishliev, A. B., and Bainov, D. D. (1987). Continuous dependence on the initial condition of 
the solution of a system of differential equations with variable structure and with impulses, 
Publications RIMS, Kyoto University, 23(6), 923-936. 

Emel'yanov, S. V. (1970). Theory of Systems with Variable Structure, Nauka, Moscow (in 
Russian). 

Halanay, A., and Veksler, D. (1974). Qualitative Theory of Impulse Systems, Mir, Moscow (in 
Russian). 

Hartman, P. (1964). Ordinary Differential Equations, Wiley, New York. 
Matov, V. M. (1983). Determination of the gradient by the optimization of dynamical models 

depending on a parameter, in Mathematics and Mathematical Education, Bulgarian 
Academy of Science, pp. 195-201 (in Bulgarian). 

Mil'man, V. D., and Myshkis, A. D. (1960). On the stability of motion in the presence of 
impulses, Siberian Mathematical Journal, 1(2), 233-237 (in Russian). 

Mil'man, V. D., and Myshkis, A. D. (1963). Random impulses in linear dynamical systems, 
in Approximate Methods of Solution of Differential Equations, Academy of Science of the 
Ukrainian SSR, Kiev, pp. 64-81 (in Russian). 

Myshkis, A. D., and Hohryakov, A. Ya. (1958). Tempestuous dynamical systems. I. Singular 
points on the plane, Mathematicheskoi Sbornik, 45(3), 400-403 (in Russian). 

Myshkis, A. D., and Parshikova, N. P. (1972). Oscillations in systems with switchings, in 6th 
International Conference on Nonlinear Oscillations, Summaries, Warsaw, pp. 94-95 (in 
Russian). 

Neimark, Yu. I. (1972). The Method of Point Maps in the Theory of Nonlinear Oscillations, 
Nauka, Moscow (in Russian). 

Pandit, S. G. (1980). Pacific Journal of Mathematics, 86, 553-560. 
Pandit, S. G., and Den, S. G. (1982). Differential Systems Involving Impulses, Springer-Verlag. 
Philippov, A. F. (1985). Differential Equations with Discontinuous Right-Hand Sides, Nauka, 

Moscow (in Russian). 
Rao, R. M., and Rao, S. H. (1977). Stability of impulsively perturbed systems, Bulletin of the 

Australian Mathematical Society, 16, 99-110. 
Simeonov, P. S., and Bainov, D. D. (1983). Systems & Control Letters, 3, 297-301. 



Impulsive Differential Equations 675 

Vogel, T. (1951). Topologie des oscillations h d6ferlement, in Actes Colloquium International 
Vibrations Nonlindaires, Ile de Porquerolles, pp. 237-256. 

Vogel, T. (1953a). Sur les syst~mes d6ferlants, Bulletin dela Soci~td Math~matiques de France, 
81(1), 63-75. 

Vogel, T. (1953b). Syst~mes dynamiques h~r~ditaires a d~ferlement, Rend. Sere. Mat. Univ. 
Padova, 22(1), 64-80. 

Vogel T. (1953c). Syst~mes dynamiques h6r6ditaires ~t d6ferlement, Annales des Tdl~comuns, 
8(11), 354-360. 

Vogel, T. (1953d). V6rifications exp6rimentales de la th6orie des syst~mes d6ferlants, Journal 
de Physique et Radium, 14(12), 59-64. 


